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Abstract: A finite separable metacyclic 2-group G can be written as the semidirect product of a cyclic 
group with another cyclic group. Necessary and sufficient conditions are given for when all other split 
decompositions of G result in, up to isomorphism, this same semidirect product representation forG. 
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1 In t roduct ion  
A subgroup N of a group G is complemented in G if there is a subgroup H of G such 
that G = NH and N N H = {1}. If N ~ G, then G is said to split over N and is written 
G = [N]H. In this case G is the semidirect product of N with H. If G = [N]H = [N1]H1, 
with N ~ N1 and H -~ H1, the two split decompositions are said to be isomorphic. If 
a group splits over a nontrivial proper normal subgroup, then the group is said to be 
separable. A group is inseparable if it does not split over any nontrivial proper normal 
subgroup. 
Given a metacyclic p-group G, then G = (a, b I ap~ = 1, b p~ = apt, a b = a ~) by 3.2 of 
[6]. If G is separable, then by the same result, t can be made to be 0 and G = (a, b I a v" = 
b v~ = 1, a b = at). In this case, G = [(a)](b). In Theorem 1 it will be shown that separable 
metacyclic p-groups, where p is odd, have all other split decompositions i omorphic to 
this one. However, this is not the case for all metacyclic 2-groups. Consider the dihedral 
group Ds = (a, b la  4 = b 2 = 1,a b = a3). While Ds = [(a)](b), it has a non-isomorphic 
decomposition, where D8 = [(a 2, b)](ab), with (a 2, b) isomorphic to the Klein 4-group. 
In this paper, necessary and sufficient conditions will be established for when a separa- 
ble metacyclic 2-group has all of its split decompositions isomorphic. Metacyclic 2-groups, 
and metacyclic p-groups in general, have been extensively studied. For more information, 
see work by King [6], Hempel [3], Brandle and Verardi [1], Liedhal [8], Beuerle [2], and 
Sire [10]. In particular, separable metacyclic groups have been investigated by Jackson [5] 
and Sim [11]. However giving simple conditions for when a separable metacyclic 2-group 
has all split decompositions isomorphic has not been directly addressed. 
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The notation used in standard. For a p-group G, the subgroup Fti(G) = (g [ 9 c 
G, gP~ = 1). Z(G) will denote the center of a group G, and ~(G) will denote its Frattini 
subgroup. All groups will be considered to be finite. 
As the following theorem indicates, if G is a metaeyclic p-group, for p an odd prime, 
then all split decompositions are isomorphic. 
Theorem 1. Let G be a separable metacyclic p-group for p an odd prime. Then all split 
decompositions of G are isomorphic. 
Proof. By 3.2 of [6], G = (a ,b [a  p~ = b p~ = 1,a b = a r) and G = [{a}](b). Let G = [N]H 
be another split decomposition for G. If G is abelian, then G = (a) × (b) = N x H. 
Without loss of generality, by [7, Main Theorem], N ---- (a) and H ~ (b). 
Assume G is not abelian. By III.10.7 and III.11.4 of [41, If~(G)l = p2. Since both 
fta(N) and ~21(H) are nontrivial and contained in fh(G), it follows that Ifh(N)l = 
]~(H) l  = p. Since p > 2, N and H are cyclic by III.8.2 of [4]. By 4.4 of [6], N ~ (a) and 
H TM (b). [] 
2 Separab le  Metacyc l i c  2-groups wi th  m = 1 
In this section, split decompositions of metacyclic 2-groups G of the form G = (a, b I 
a 2~ = b 2 = 1, a b = at /a re  investigated. If G is abelian, then all of its split decompositions 
are isomorphic by [7, Main Theorem]. Otherwise, if n = 2, then G is the dihedral group 
Ds and not all of its split decompositions are isomorphic, as shown in the Introduction. 
The case that remains is when G is nonabelian with n > 3. 
Theorem 2. Let G be a nonabelian metacyclic 2-group of the type G = (a, b I a2~ = 
b 2 = 1, a b = a r) with n > 3. The split decompositions of G are isomorphic if and only if 
r =- 2 n-1 + 1. 
Proof. Suppose that all split decompositions of G are isomorphic, and consider the normal 
subgroup X = (a 2, ab). Since G = [(a 2, ab)] (b), (a 2, ab) ~- (a) and (a 2, ab) is abelian. Thus 
a 2 = (a2) ab = (ab) 2 = (ar) 2 = a 2~ and 2r - 2 (mod 2"). As a result, r -= 1 (mod 2 n-l) 
orr-- - -2 n - l+ l .  
Conversely, suppose that r = 2 ~-1 + 1 and that G = [N]H. Then (a2) b = (ab) 2 = 
(at)2 = a 2r = a 2 and (a 2) = Z(G).  Furthermore, N A Z(G) ¢ {1}, which implies that 
(a 2"-~) E N and a 2"-1 ~ H. Given that [a, b] = a- la  b = a -l+r = a 2'~-1, G' = (a2"-~}. 
Let G = G/(a  2~-~} TM Z2~-~ × Z2. Consequently, G = N/(_a 2~-1 ) × H(a2~-~)/(a 2~-~} = 
g × H, with N ¢ {1} and H ~- H. By [7, Main Theorem], N TM Z2,-~ and H TM H -~ Z2, 
o rN~Z2andH~H~Z2 . . . .  
Consider the case that N ~ Z2 and H = H TM Z2--~. Then IN[ -- 4 and IH/CH(N)I  < 
Igut(N)12 = 2. Given that g is cyclic, CH(N) < H A Z(G) = {1} and IHI < 2. Thus 
IGI = 8, forcing n = 2. This contradicts the fact that n > 3. Consequently, N ~ Z2--1 
- -  t~a  and H ~ H TM Zz = (b). Thus N is a maximal subgroup of G. 
Since G/(a  2) = Z2 × Z2 and (I)(G) = (a2), the only maximal subgroups of G are 
(a),(a2, b), and (a2, ab). Since (ab) 2 = aa b = a ~+1 = a 2"-~+2 and [a2"-~+21 = 2 ~-1, 
tab] = 2 ~ and (a 2, ab) TM {ab) ~- (a). Now consider (a z, b). Since Z(G) = (a2), t~I(G)] = 4 
and ~I(G) -- (a2"-~,b). Consequently, ~I(G) _< (a 2, b). Furthermore, ~ l (H)  <_ ~I(G) < 
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(a 2,b). If N = ( J ,b ) ,  then N N H ~ {1}, a contradiction. Consequently, N ~- (a), 
H ~ (b), and all split decompositions are isomorphic. [] 
Theorem 2 results in a presentation for those nonabelian separable metacyclic 2- 
groups, with m = 1 and n _> 3, that have all split decompositions i omorphic. The 
following corollary, which follows directly from Theorem 2, presents other necessary and 
sufficient conditions for when a metacyclic 2-group of this type has all split decompositions 
isomorphic. 
Theorem 3. Let G be a nonabelian separable metacyclic 2-group of the type G = (a, b ] 
a 2~ = b 2 = 1, a b = a ~) with n > 3. The following statements are equivalent. 
(i) Al l  split decompositions Of G are of the form G = [N]H, where N is cyclic of order 
2 ~ and H is cyclic of order 2; 
(ii) Ia~(a)l = 2~; 
(iii) ~(G) = Z(C) ;  
(iv) ~_~(G)  # G, 
(v) G is of class 2. 
3 Separab le  Metacyc l i c  2-groups w i th  m _> 2 
In this section, it will be shown that all separable metacyclic 2-groups of the form G = 
(a, b ] a 2~ = b 2m = 1, a b = a~l, with m > 2 must have all split decompositions isomorphic. 
Theorem 4. Let G be a separable metacyclie 2-group of the type G = (a: b [ a 2~ = b 2m = 
1, a b = a ~) with m >_ 2. Then all split decompositions of G are isomorphic. 
Proof. If G is abelian, then the result follows from [7, Main Theorem]. Assume that G is 
nonabelian. Consequently, r > 3 and n > 2. 
Claim 1: For all elements x = a~b 2m-1 E G, where a is odd, Ix I ~ 2. 
Suppose Ixl 2. Then x 2 (a%2~-1) 2 a a+"~m-~ . . . .  1. Thus a + ar  2~-~ = 0 
(mod 2 ~) or a(1 + r 2m-') = A2 ~ for an integer A. The fact that a is odd and aIA2 ~ implies 
= r2m - 1 2m-- 1 2 m-  1 
that a]A. Thus 1 + r 2m-I (A/a)2 n or = (A/a)2 n - 1. Thus a b = a r = 
2rn--2 
a (~/~)2"-1 = a -1. S incem_> 2, a b =a s,where 1 < s < 2 u -1  and s i sodd .  This 
implies that s 2 = -1  (mod 2~), a contradiction. Thus Ix] ¢ 2. 
Claim 2: ~t(G) {1, 2"-~ "2~-~ - - = a , o ~ a2~ ab2.~ 1 }. 
Let x = a~b ~ be a nontrivial element in G such that [x[ = 2. If a = 0 or/3 = 0, then 
a 2n-1 : 2 m-1  x = b 2~-~ or x = respectively. Assume that a # 0 and 3 # 0. This forces/3 
and x = aab 2~-~. 
Suppose n = 2. Then by Claim 1, a=2 = 2 ~-1. Now assume that n > 3. Since 
(b} acts on (a), there is a homomorphism ¢:(b) ~ Aut((a)).  Suppose that ker(¢) ~ {1}. 
Then b 2"~-~ c ker(¢) and a and b 2~-~ commute. As a result, 1 = (aab2~-~) 2 = a2ab 2~ = 
a2n - 1 b2m - 1 a 2". This implies that a = 2 ~-1 and x = 
Now suppose that ker(¢) = {1}. Denote Aut((a))  by {¢1, ¢3, . . - ,  02~-1}, where Ova --+ 
a ~, for i = 1, 3 , . . . ,  2 ~ - 1. By 5.7.13 of [9], Aut((a))  TM L + K,  where L is cyclic of order 
2 ~-2 and generated by ¢5, and K is cyclic of order 2 and generated by ¢2~-1. The 
only nontrivial elements of Aut((a))  of order 2 are ¢2~-~+~, ¢2~-1, and ¢2~-,-~. Since 
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Ib 2m-1] = 2, it follows that ¢(b 2~-~) = ¢2~-~+1,¢2~-1, or ¢2~-1-1. Given that m > 2, it 
follows that ¢(b 2m-2) = Cj, where ¢(b 2~-~) = (¢(b2~-2)) 2 = (¢j)2. Thus j2 = 2~-1 + 1 
(mod2n),2 n -1  (mod2~),or2  ~-1 -1  (mod2"). S ince j2¢- I  (rood2 t) foranyt ,  
2ra--1 
j 2=2~-1+1 (mod2 n) anda  b =a 2~-1+1. 
Given that x 2 = 1, (a~b2~-~) 2 = a ~+a(2~-~+1) = a~(2~-~+2) = 1. Since [a2~-~+2[ = 2 n-l, 
r 2 n-1 ~2 m-1 2n--l~2m--1 "1 it follows that a = 2 ~-1. Thus a~b z = a2"-~b 2m-~ and f~l(G) = l l ,  a ,o ,a o ~. 
Claim 3: All split decompositions of G are isomorphic. 
Let G(n, m, r) = (a, b [ a 2" = b 2"~ = 1, a b = a~}, and suppose that G = [N]H. Then 
G(n, m, r)/(a 2~-~) ~ G(n -  1, m, r). Given that n _> 2, proceed by induction on n. 
a 2n-1 Since in, b] = a-la b a r-l, G' = (a r-I} < (a~}. Let z = e fh (G ' )N  Z(G). 
I f z  ¢ N, [G,N] _< G 'AN = (a ~-I) NN = {1}. Thus g < Z(G) and G = YxH.  
Since Iftl(G)[ = 4, ]fh(N)[ = Ift1(H)[ = 2. Consequently, N and H each have only 
one subgroup of order 2. By III.8.2 of [4], N and H are either cyclic or a generalized 
quaternion group. In either case, both N and H are inseparable. Thus by [7, Main 
Theorem], N = ~ (a} and H ~ (b), or N ~ (b} and H ---- (a}. Either way, H is cyclic, 
implying that G is abelian, a contradiction. 
Thus (z} <__ N and [(a)/{z}](b} ~- G(n - 1,re, r) ~- G/(z} ~- [N/{z)]H(z}/{z}. As a 
result, N/(z) TM (a}/(z} and H ~ {b}, or N/{z) ~ (b} and H ~- (a)/{z}. In either case, H 
is cyclic and N is abelian. If N/(z} ~- (a)/(z}, then N has order 2 ~ and is of exponent 
at least 2 ~-1. Thus N is isomorphic to Z2~ or Z2~-~ x Z2. If N -~ Z2~-~ x Z2, then 
I fh (N) /= 4 and If~l(G)l _> 8. This contradiction forces N t O be cyclic. If N/(z} TM (b}, a 
similar argument yields that N must also be cyclic. Thus both N and H are cyclic. By 
4.4 of [6], N ~ (a} and H = (b}. [] 
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